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Abstract

Under the assumption that one of two given models is the
real underlying model of the system, avalid auxiliary signa
is defined as an input signal that allows the selection of the
correct model. Under the assumption that the noise energy
is bounded, the separability index is defined as the energy
of the proper auxiliary signal of least energy. A constructive
method for the computation of thisindex is presented.

1 Introduction

The design of auxiliary signals has been a major issue in
system identification; it has been studied in the framework
of multi-model identification, and in particular failure detec-
tion, in [9, 3, 4]; see also [7]. These works consider linear
statistical models. The work presented here is different in
that uncertainties are modeled as bounded energy signals and
zero-error identification is envisaged. A similar approach has
been undertaken in [6] for the study of robust failure detec-
tion problem.

In particular, we consider the problem of model selection.
We suppose that two models are available for the system,
one of which is correct. System outputs are measured, and
theinputs (auxiliary signal) can be chosen.

Let v denote an auxiliary signal and let A° (v) represent the
set of possible outputsy associated with thisinput, if Model 0
were the correct model; similarly, let A (v) represent the set
of outputs under the assumption that Moddl 1 is the correct
model. Then clearly for perfect identification we need that

A%(v) N A (v) = 0. (1.1)

The minimum energy required by v to impose (1.1) isamea-
sure of how distinct the two models are, and how easy itisto
distinguish them apart. We call it the separability index. In
this paper, we propose a constructive method for the compu-
tation of thisindex and the corresponding auxiliary signal.
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2 Problem formulation

2.1 System models

Thetrue system model is supposed to be one of the following
two models

C;z; + Div + N;v; (2.2)

& =
y:

fori = 0 and 1. v isthe auxiliary signal, y is the output and
v;'s represent perturbations, noises and unmeasured inputs.
A;, B;, C;, M;, N; are matrices of appropriate dimensions.
N;'s havefull row rank. The states of the two models ¢ and
x1 need not have the same dimensions. The same is true for
1Z0) and vy .

The two models are supposed to be stable and satisfy:

(8_[ - Az Mz

C. Ni) has full row rank Vs on the jw-axis.

(2.3)

2.2 Proper auxiliary signal

We say that the L, vector function v is a proper auxiliary
signal if its application implies that we are able to always
distinguish the two candidate models based on observation

Y.

Definition 2.1 Suppose
lwil> = / l@lPdt <1, i=0,1  (24)
0

Then, we say that the auxiliary signal v is not proper if there
exist xg, x1, Vo, V1, and y satisfying (2.1), (2.2) and (2.4)
both for i = 0 and4 = 1. The auxiliary signal v is called
proper otherwise.

Definition 2.2 Let V' denote the set of proper auxiliary sig-
nalsv. Then,

1

infycy (ol

*

v = (25)

where ||v|| denotes the L»-norm of v, is called the separabil-
ity index associated with (2.1)-(2.2).

Here, we are interested in minimum energy proper auxil-
iary signals. Let usintroduce an auxiliary cost function.



Definition 2.3 Thefunction J, (3) istheauxiliary cost func-
tion associated with problem (2.1)-(2.2) if

J,(8) = inf / T Bl + (1= Bl @IPde (26)

for 0 < g < 1 where the infimum is taken over z;, v; and y
subject to (2.1)-(2.2), s = 0, 1.
Note that vy, 11 in (2.6) need not satisfy (2.4).

Lemma2.1 For all v, for 0 < 8 < 1, J,(B) is defined and
has the following properties:

1. itiszerofor =0and g =1,

2. it is quadratic in v, i.e, for all scalar ¢, J.,(8) =
le|? T, (8).

3. itisa continuous function of 3,

4. itisastrictly concave function of 3 if the set of proper
auxiliary signalsis not empty, otherwiseit isidentically
zexo.

Theorem 2.1 Let

. Ju(B)
J*(B) —21;15 = o Pt (2.7)
then
y? = ax J(8). (2.8)

Theproof isbased onthefactthatforal 0 < 5 < 1, J,(8) <
1if and only if v is not proper.

Note that the larger v* is, the easier it is to separate the
two models. And when v* = 0, then the two model are
indistinguishable no matter what theinput v is. So, v* can be
considered as the deterministic counterpart of the Kullback
distance [5] used in some stochastic formulations.

2.3 Problem simplification

Aswe have seen inthe previous section, thefirst optimization
problem to solveisthe following:

Jy(B) = inf /OOO Bllvo@IP + (1 = Bl (@)]*dt  (2.9)

subject to

.’i’o = A()QI(] + B()U + M()I/() (210)
y = Como + Novo (2.11)
.i'l = Al.’El + Blv + Mll/l (212)
y = Cizi+ Ny (2.13)
(2.14)

This problem can be expressed as follows:
= inf / )" Vav(t)d (2.15)

subject to
Ef = Fé + Gv + Hv, (2.16)
where
I 00 Ay 0 0
oI o0 10 4 o0
E=lo o 1|"F=|c, 0o o] @10
00 I 0 C 0
M() 0 BO
o M ] _(BI 0
“=ln o[ B0 ’Vﬁ_<o (l—ﬁ)I)’
0o M 0
(2.18)
and
vV o
y:("),gz x| . (2.19)
141 y

Constraints (2.16) can be simplified without affecting the
solution of the optimization problem (2.15). For example,
clearly y can be removed from the constraints by replacing
(2.11) and (2.13) with their difference. These simplifications
allow us to reduce the size of (2.16).

This type of simplification can be done systematically as
described in the following Lemma.

Lemma 2.2 There exist a full row rank matrix S and a full
column rank matrix 7' such that the set of v’s satisfying

SETE = SFTE + SGv + SHv, (2.20)
isidentical to that of (2.16), for all v, where
e SET hasfull column rank and

e (sSET — SFT) hasfull column rankVs.

Proof Let us first put the pencil {E, F'} in Kronecker
form. As shown in [8], there exist orthogonal matrices @
and Z such that

QGE-F)Z =
SE6 —F‘6 * % *
0 sE — Fy * *
0 0 SEf —Ff *
0 0 0 sE, — F,

(2.21)

where the the eigenmodes of the square pencils {Ey, Fy}
and { E, Fo } are respectively the finite and infinite eigen-
modes of {E, F'}, sE. — F, and sE, — F), are respectively



full row rank and full column rank, for all s, and E, and E;,
are respectively full row rank and full column rank. Let

&
. ZT¢. (2.22)
&3
€a
Then (2.16) can be expressed as follows
E, * * * &
0 Eoo * * i 52 _
0 0 Ef x|dt|&
0 0 0 E, &
F, * * * & *
0 Fu = % | _|*
0 0 F o« ||&]| " |«] @®
0 0 0 F) \& *

It is straightforward to verify that there always exist &1, &2
and &3 such that (2.23) is satisfied. This means that the top 3
equationsin (2.23) do not impose any constraint on v and v.
We can thus take

S=(0 00 I)Q, T=2(0 0 0 I)7, (224
and of course £ = &;. [}

It is straightforward to show that Lemma 2.2 can still be
used even if we generalize the two models (2.1)-(2.2) by al-
lowing for measured inputs (inputs which are measured on-
line similar to the output y) and unknown disturbances.

3 Construction of the separability index

3.1 Characterization of J*(3)

We have seen that the separability index +* can be con-
structed from J*(3) where

inf, [>°v(t)T Vv (t)dt
7(8) = sup e 1) (i (3.9)
vro  Jo llo@)|2dt
subject to constraint
Ef =Fé+Gv+ Hu (3.2

The matrix Vj is positive-definite and, thanks to Lemma 2.2,
we can assume that

E hasfull column rank (3.3)
(sE — F) hasfull columnrank, Vs (3.4)
(sE—F G) hasfull rowrank Vs = jw (3.5)
(E G) hasfull row rank. (3.6)

Assumption (3.5) follows from (2.3), and (3.6) the full
rankedness of V;’s.

The matrix pencil

en={(E 8).( )
37
plays akey role in the computation of J*(3).
Lemma 3.1 For large enough -y, the pencil {£, F}
e isregular,
e hasindex 1,

e hasno (finite) eigenmodes on the jw-axis.

Proof It sufficesto prove the three properties for the case
~v = oo. Without any loss of generality, we can suppose that

E= (é) . F= (é‘) 3.8)
GVIGT = (%9 g) CH= (g;) 3.9)

This can be done by left multiplication of {£, F} by anin-
vertible matrix and a trivial coordinate change. Thanks to
assumptions (3.3)-(3.6), it is easy to see that the pair (C, A)
is observable, the pair (A, Q) is controllable on the jw-axis
and R is positive definite.

The resulting pencil, with v = oo, can be expressed as
follows

I 00 A Q@ 0
1€, F"} = 00 o0)],|C o0 R .
0 I 0 0 —-AT -CT
(3.10)
One step application of the shuffle algorithm yields the E-

matrix
I 0 0
C 0 R
0 I 0

which clearly is invertible. Thus {&,F} is regular has in-
dex 1.

By left and right multiplication by invertible matrices, we
can transform the pencil {£’, 7'} asfollows

I 00 A Q 0

(g" 7 ={{o 1 of,[CTR'C —AT 0] }.
00 0 0 0 R

(3.12)

Clearly the finite eigenmodes of {£"”, F"'} are the eigenval-

ues of 4 0
"= (CTRlc —AT) :

But H is the Hamiltonian associated with a standard LQ
problem, which thanks to observability of (C, A) and con-
trollability of (A, Q) on the jw-axis, has no eigenvalue on
the unit circle. |



Theorem 3.1 LetT" denotethe set of all -y satisfying thethree
conditions of Lemma 3.1. Then,

J*(B) = inf 42

3.12
yer (312)

Proof Let us suppose, without any loss of generality, that
the system matrices are as in (3.8)-(3.9). Then the problem
(2.15) can be expressed as follows
78) =t [ WTQu+ (CE+ Hao)TRT(CE + Hav)de
0
(3.13)
subject to constraints

£=AE+ Qu+ Hy (3.14)

This problem isastandard L, problem. The solution to this
problem is given by the unique L» solution to

da (& _ A Q 3 Hy
dt \p) ~ \CTR™'C —-AT) \u CTR'H,

(3.15)
So, if consider the system
J &z = Az +Bv
8.{ Y = Cz+Du (3.16)
where
_ A Q _ H,
A= (CTRlc —AT> B = (CTRlHZ)
CR 2z 0 H>R™ 2
C L), D= 3.17
(07 @) 2= ("07) e
we get that
Jo_ ll=(®)|7dt
J*(B) = sup e = [|S][%- (318)
v#0 fo (t)|>dt

But then || S| can be constructed from the Hamiltonian ma-
trix

K(y) = A—-BS~'DTC —yBS—'BT
Y=\ yeTr-c  —AT +CTDS-1BT
(3.19)
where
S =(DTD -~%I), T = (DDT —+2I). (3.20)

Itisshown in particular in [1] that v > ||S|| if and only if
v > &(D) and K () has no eigenvalue on the jw-axis.

It is straightforward, but tedious, to show that the finite
eigenvaluesof {&, F} arethe union of the set of eigenvalues
of K(~y) and that of H. But, as we have seen before, 7 has
no eigenvalueson the jw-axis. The proof of the theorem then
followsfromthis, plusthefact that {£, F} hasindex 1 if and

only if v # (D). [ |

Lemma 3.2 The pencil {£, F} isregular and hasindex 1 if
and only if
det(EH(GV; 'GT —

%HHT)ELT) £0 (321

where E+ isany highest rank |eft annihilator of E.

Theorem 3.2 Let 4, denote the largest value of ~ for
which (3.21) does not hold. If v > 4, then

o if the pencil {£, F} has no eigenmodes on the jw-axis,
then~? > J*(3),

o if the pencil {£, F} has an eigenmode on the jw-axis,
theny? < J*(8).

3.2 Computation of the separability index

The results of the previous section can be used to construct
an algorithm based on the bisection method for the computa-
tion of J*(8), for any given 3. Note that , isalower bound
for J*(8) so Theorem 3.2 gives us the necessary test for im-
plementing the algorithm.

J*(3) can then be used to compute the separability index,
as seen previoudly:

~* =,/ max J*(B). (3.22)

0<B<1

Even though J*(8) is not concave, it has nice proper-
ties making the optimization problem (3.22) numericaly
tractable. In particular, thanks to Lemma 2.1, we can show
that J* () is asup over concave functions each of which is
zeroat B = 0and 8 = 1. Using thisfact, it is easy to show
the following result.

Lemma 3.3 Consider two scalars 3; and g, satisfying 0 <
81 < B2 < 1. Then

J*(B1)J*(Be)
J*(B1)(1 = Ba) + T*(B2) 61

The proof follows a straightforward geometric argument and
isillustrated in Figure 3.2.

Now consider the following simple optimization strategy
for estimating v* which consists of taking the square-root of
the maximum of J*(8) for n — 1 regularly spaced values of
G over [0, 1]:

J*(B) <

max (3.23)
B1<B<Be

42 = max J*(k/n).

k=1,..,n—1

(3.24)

Then, thanksto Lemma 3.3, it is straightforward to show that

*2 22 1

A . (3.25)

42 —n-1

This shows that we are not dealing with a difficult optimiza-
tion problem. We can of course use more sophisticated algo-
rithms to estimate v* and even couple the 5 and -y iterations.



Y JN(B)I*(Ba)
J*A L7\ (B1)(1=B2)+7*(B2) 1

Figure 3.1: Since J*(0) is the sup over concave functions
going through the points (0,0) and (1,0), it remains neces-
sarily below the two dashed lines inside [3;, 82] (and above
outside).
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